{2 Al goﬁ'ﬁ'\ms

Question : Given a. list cf Mbe%ers.Soug 6,5.2,1,8,3 2,4 (orn Mbe%exs n %e.v\err-d)
How do we sort -Hhem in ascev\div% order ?

An al%or‘rﬁ\w\ s a fn‘rbe Se%ae.vcg 05' 'F/ectse. nstructions fvr- 'Ferfvrmm% a comrc&Eu:bion or
-Sor- So\vtw% a ?rbb\evv\

SOH:M% R\%orrﬁmv\s‘
1) Bubble Sort

procedure bubblesort(ay, ..., a, : real numbers withn > 2)
fori :=1ton—1
for j.=1ton —1i
if @; > a1 then interchange a; and a4
{ai, ..., a, isin increasing order}

2) Insertion Seort

procedure insertion sort(ay, az, . .., a,: real numbers with n > 2)
for j:=2ton
iii=1
while a; > a;
ti=141
m = aj
fork:=0toj—i—1
Aj—f = Aj—k—1

aj . =m
{ai, ..., ay is in increasing order}
2) Mer%e. Sort
procedure mergesort(L. = ay, ..., a,)
if n > 1 then
m:=|n/2|
e 517 OO =
L= am+1, Am+2, ..., dn

L := merge(mergesort(L ), mergesort(L>))
{ L is now sorted into elements in nondecreasing order}

procedure merge(L, Lo sorted lists)
L := empty list
while L and L; are both nonempty
remove smaller of first elements of L and L from its list; put it at the right end of L
if this removal makes one list empty then remove all elements from the other list and
append them to L
return L{L is the merged list with elements in increasing order}

Quuestion : Which one. is  betker 2

P\ﬂxox\wuhon cj —+time v-e%uire.d (wrta re.s'Fe.ct 4o the Sikze n)



The Growta cj Functions

'Deflv\rhiov\ 2.1

let $.9:Z—=R (or §.9:R—R) be fuctions.

Ve say fw is ®c%<m (or siw\\>l‘a weike ‘S{y\)= O(eacm)

i there exst C>o and KeZ suncdh taat Hosls Clgeol for all nzk.

w  ldea : j?(m arows sSlower han or at the same vate as %(n) as n grows
('Fm\aa\ol\a wrtdh A constawk C ).

Qe an upper bound of “tre grm:ﬂv\ oﬁ -j’(yx).

5<Am‘>\e Q1
Let f(y\)- 2n+2n+5 . Show Hat f(vsh@(v?‘).
Note: When n22 , we have [3nlsnw ad 5sqsn”, so
I'E(Nl = [2n+3n+ 5|
€ 20+ [3nl +151 ('rﬁawale_ inegualrt )
AN AN AN
4
L 1feal s Al Ffor_all_n=3 ad  so -f(vx)-@(v\‘).

On the other hand , note Haat ln‘lsl—f(m\ —for ol neZ', we have n"=0(~§(m)

Exercise. 2.1

Let f‘vﬁ be a ">e owial of degre& d . Show -dhat f(vo-@(r\d).

Exercise 2.2

SwFFose. “dnat -fw =O(‘aw) and gw = Otht) . Show -taat -fw = Olw)

Recall that :

A sequence cf real numbers maiy be dzfiv\ed s a j)w\cbon -f-z"-ﬂk b‘a
Seﬂzing_ am—fw.

Also , lim an=L r§ (definrtion)

for all_£>0, there exists kKeZ' sudn that —§or all =K , we have la.-Ll<€




_W\eorew\ 2.1
|§' liwa 3—(&=0 , “hen -ftv\nO(%cm\ .

Nn-sc g(v\)

prf
BB definiﬂow o‘f v!':\n :%% =0,

-fw- all g£>0 ,there edsts K such that for al n2K, we lhave 3—%&)) -o

<T.

ln 'Pav-bicular,-ba.ke. z=1, there exists K such Hhat fb\" al n>k,

) .
we |have -_%%% < | .e. lf@o\ < lg(vol and  So -f(vx): O(%c.m .

Direct. conseguence.

. 3
l-g d\>€> , ~thein Al_m)a“-vﬂ\r=v|\t!’v\“ _V\LTF o and so O .
However , w is wnot Owf).

Rove \-:.a_ contradiction Suppose. Mot A= 0D .

Then , there. exist C>o  and kKeZ sudh that [l s Clnfl —fw- al nzk .

o~
Since A>p . ie. d-(&>o L there exists NeZ' sudh bt N ks C .
Consider n.:= max{k.N}z2K , we have V\:-%a N TS e

so 2> Clnfl (Covtradick 4o ™ )

E@\M?le Q2.2

et -f(-r\hlogn (Here , lo%n means lnn) g(n)ﬂnd where dso.

How o COM‘rWtQ. liwa Iw ?

Nn-so00 %(y\)
. . (
Trick. J@“&;} (=
b —X
<l
= ‘iM ——
v dx
= O
.'.v!ir“_'%%.o and we  have (o%nzO(r\d) fw all dso.

Exercise 2.2

et d>0. k> 1. Show that S = QWM.

)



E‘Aw?\e 23

Let >0 Show Hhat K = O

(ke s net Surprising cf o<d st . When osasl, lin od':0 ;
‘rkerzfone. e case d>i s what we realh& terest. . )
Claim : vl\.'-,“?a%:\"o

Cloose KeZ' sudh that d<k (i.e.-%<l)

When n>K
n
=, S S - N - STV - SR N S -, SR -
(o3 1 -(l Y 3 k’l)(K K1 V\)
Y n-kKtt
=S
< M(K)
n-k+t n-k+1
%<l = lm (-°E"-) =0 = [im H(-%) =0

Ba +the sandwidh theorem ,  lim A.=o ad so o= O

Ebuw?le 2.4
Show -that 1! =O0").
Obvious ! n'=1.2.2....nsN-N.....n_ = N -for al neZ

(ie. lntls v -fbv- all n2k=1)

Btdrecwnore., -gur all neZ' nls
lo% w' < legvx“ = V\logw
\oén‘, = @(V\[ogn)

Swmv\ang :
GWMHI\ Gf —Mons i GSCQV\AW\% order :

‘o%n,hd,el“,h‘.,n“ ,where d>o , oA>1L.

When =1, lim o™= (.
Neo



The. Growta cj Cowbinations cg Functiors
Theorem 22
l-§ f.(m . O(%.(m) ad j?;(m = O(ﬁ.‘(m) ., then G = O(%(m) where
g = max { lg‘cm\ ,\%,w\'t -fm— al neZ' .
P
Ba assw«Ft‘(ov\, Hrere exisk C,.C.>0 ad K, KieZ such “that
lf.cvo\z C.l%.cml For al nzk, lf,cvolz ng,(ml For all n2kK,.
Take K:=max ik &3>k, K . Then |, fw al nzk
l(—f. -\--f,_)(nﬂ = (o £ £l

s L+ (-S;(vol

N C.l%.(vo\ + C,_l%.&o\

S Cll%cn)\-e Calaol

= (C+ Q) l%(vo\

ECAMF‘Q 2.5

Note thabt v =06 , =0 . and max il.inl} = n

So  Wr+3n = OWd)

Coho“ama 2.1
l-f Fitrd = O(%-‘(n)) For lstaem “hen (ﬁf)(v\) = O(gcm) where %(V\): max. {\%;(voﬁ .

i=\ IST€Em
('Bxa mathematicol  induction )

Theorem 22

l-f f. ) = O(%.w) ad ftcm - D(%,SV\)) . then - -fg(m = O((%.-%,)cm).

Exmm?\e 2.6
Qive Bi%- O  estimate fm— -f(v\) = an\og(n‘.) + (3D loan
;= Oy, log(v\‘.) = O(n\o%v\) ey = OW)

<o ‘j(r\)= Ow ‘ogn)




Resides %Niv\% an upper botwnd °§ ‘e %V‘odt\/\ c-§ a f\mwcﬁcn , Sometimes  We

would ke o |lhave a  lower bouwnd .

-Defin'\'biom 2.2
Let f.%:2+—~fk Cor f,%:TR—’TR) be -fwucbw\s

We sayy fw is nc%w) (or sm?l‘a wrike. fw- O(%@\»)
'rj dhere exist C >0 and KeZ sudn Haat lfwls Cl%(r\)l -gor all nxk.

w2z Clawl <« Igwls< |
5 3 3
-jw = Q(%w) = %<m= O(—ﬁw\ )

Exercise 2.4

SWFPose. “daat -ftyo =n.(%w) and gcyo = Q0r) . Show Haat -f(n) Q0 . (Vse exercise 2.2)

-D%ln'\'bion 23
f(hh B (ge) t-g bsth o =O(‘aw) and o = g .

Exercise 2.5

) Prove Haat

a) fmn@(fm) 'fov- all -§<vx)

b) l—j f(m:@(ﬁw) , then gcm@ejw)
Q) l-j f(y0=®(3ﬁn)) and 3cm=®(lnw) . then fcym@(b\w).

let - {-fzz*—ﬂk’ﬁ a~d define a relation o on S by fag B fon - OGem .
Then , (1) shows that ~ s an e%/ﬁvo.lewt relation .

2) l-§ -}.cm -BEwW) ad Q= ®<%1w), “dhen (—ﬁ. --f;)m . @((3.-%9@0)

2 shows that -he product _on S nduces  a 'Fm&,\ct on S/~ .

But nete Ghat wf fneden  f=-on | dran §and -j\_ ae ® W)
bk R LI 22n = B (nst BQu)



“Time Cow\flex&tg 0-3- R\%oﬁﬂmms
C.omFariV\% the ‘Ferf:rw\mcz cf a.l%ov‘rﬂnw\s n terms o‘f ~ime_ .

For exawrFle, we -tna o Compare “the follmin% s:artiv\cé al%oﬁ'ﬁﬂws 3
(Assume -the Perfamance cle:Fev\ds on the nuwber cj Cpmrarsians)

1) Bubble Sort
procedure bubblesort(ay, . .., a, : real numbers withn > 2)
fori . =1ton—1
for j.=1ton —1i
if @j > aj; then interchange aj and a4 Pe S A
{ai, ..., a, 1s in increasing order} (‘,om?c\rswr\s
n
Number cj Ccvv\\:c\r's'lons = g: n-i)
W
= y\"- Z 1
=1
= nnt)

=N - ——

XL

=&l-'>- Whida s @)

2)  |lnsertion Sort

procedure insertion sort(ay, az, . . ., a,: real numbers with n > 2)
for j :=2ton
=1

while a; > a;

yscs ‘Fer-forw\ at wmost
i:=i+1 1 Cowm ions
m .= aj \) E
fork:=0toj—i—1

Aj—f = aj—f-1
ai . =m
{dh sws ay is in increasing order]}

Nuwber of o ors € 2§ 200 L idh s @6
Worst - case Cew?\&)&\'b& ef budde sort and Wserbon Sort are ®W)

Worst - cose. cnws?\e:«ha cf merge. Sort = @(vx(o%n)
Csee secBion 5.4 ad &3 cf oa)




